Dual pairにおけるCasimir作用素の対応 (群と環の表現論及び非可換調和解析) by 伊藤, 稔
TitleDual pairにおけるCasimir作用素の対応 (群と環の表現論及び非可換調和解析)
Author(s)伊藤, 稔









Introduction. Dual pair , Lie
( Lie adjoint ) –
. , [H2] complex reductive dual pair ,
Casimir .
, $\mathbb{C}$ . $(G, G’)$ symplectic $Sp_{N}=S_{PN}(\mathbb{C})$
reductive dual pair . $G,$ $G’$ commutant $Sp_{N}$
reductive . $\omega$ $Sp_{N}$ oscillator . $\omega(G)$




$U(\mathrm{g})^{G}$ $G$ adjoint $U(\mathrm{g})$ .
$O_{N}$ reductive dual pair pin $\sigma$
: $\sigma(U(\mathrm{g})^{G})=\sigma(U(\mathrm{g}’)^{c\prime})$




Casimir , . –
$GL_{N}$ . Lie $\mathrm{g}\mathrm{t}_{N}$ $E_{ij}$ $E=E_{\mathrm{g}\mathfrak{l}_{N}}=$
$(E_{ij})_{1\leq i},j\leq N$ .
$\mathrm{t}\mathrm{r}(E^{r})=\sum_{1\leq i_{1},\ldots,ir\leq N}E_{i}i_{2}E_{i_{2}i}\cdots E_{i_{r}i}1\mathrm{a}1$
, $GL_{N}$ adjoint ([PP1], [Ge], [Z]).
$\{\mathrm{t}\mathrm{r}(E^{r})|0\leq r\leq N\}$ $U(9^{[}N)^{GL_{N}}$ . $\mathrm{t}\mathrm{r}(E^{r})$
$GL_{N}$ Casimir .
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$G=O_{N},$ $Sp_{N}$ . $G$
$\Phi$ , Lie $\mathrm{g}=\mathrm{L}\mathrm{i}\mathrm{e}(G)$ $F_{ij}=E_{ij}-$
$\Phi^{-1}E_{ji}\Phi$ . - $GL_{N}$
$F=F_{\mathfrak{g}}=(F_{ij})_{1\leq j}.i,\leq N$ , $\mathrm{t}\mathrm{r}(F^{r})$ .
$G$ adjoint , $\{\mathrm{t}\mathrm{r}(F^{2r})|0\leq 2r\leq N\}$ $U(\mathrm{g})^{G}$
. $\mathrm{t}\mathrm{r}(F^{r})$ $G$ Casimir $([\mathrm{p}\mathrm{p}2], \lfloor\lceil \mathrm{G}\mathrm{e}], [\mathrm{Z}])$ .
Remarks. (1) reductive Lie 2 Casimir element
, Casimir .
(2) $U(\mathrm{g})^{G}$ $U(\mathrm{g})$ ZU$(\mathrm{g})$ . $G=GL_{N},$ $Sp_{N}$ ,
$O_{2k\dagger 1}$ $U(\mathrm{g})^{G}$ ZU$(\mathrm{g})$ – , $G=O_{2k}$
$U(\mathrm{g})^{G}$ ZU$(\mathrm{g})$ .
. symplectic reductive dual pair $(GL_{m’ n}GL)$ ,
$(O_{m}, Sp_{n})$ dual pair $([\mathrm{H}1], [\mathrm{S}])$ .
dual pair $(G, G’)$ oscillator $\omega$ $U(\mathrm{g})^{G}$ $U(\mathrm{g}’)^{G}l$
:
Theorem A. $Sp_{2mn}$ dual pair $(GL_{m’ n}GL)$ :
$\omega(\mathrm{t}\mathrm{r}((E-\frac{n}{2}I_{m}\mathrm{I}(E-(\frac{n}{2}+m)I_{m})^{r}))$
$= \omega(\mathrm{t}\mathrm{r}((E’-\frac{m}{2}In)(E’-(\frac{m}{2}+n)I_{n})^{r}))$ .
$E=E_{9^{\text{ _{}m}}},$ $E’=E_{9}(_{n}$ .
Theorem B. $Sp_{mn}$ dual pair $(O_{m}, Sp_{n})$ :
$\omega(\mathrm{t}\mathrm{r}((F-\frac{n}{2}Im)(F-(\frac{n}{2}+m-\frac{1}{2})I_{m})^{r}))$
$= \omega(\mathrm{t}\mathrm{r}((F’-\frac{m}{2}In)(F’-(\frac{m}{2}+n+\frac{1}{2})I_{n})^{r}))\mathrm{v}$
$F=Fo_{m}’ F’=F\epsilon \mathfrak{p}n$ .
Remark Theorems $\mathrm{A},$ $\mathrm{B}$ $G$ Casimir $G’$ Casimir
. Klink, Leung, Ton-That ,
. Dual pair $(GL_{m}, GL_{n})$ . [KT] ,
$(O_{m}, Sp_{n})$ [LT], [L] .
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reductive dual pair $(G, G’)$ pin $\sigma$ $U(\mathrm{g})^{G}$
$U(\emptyset^{\ovalbox{\tt\small REJECT}})G$ ’ . reductive dual
pair } $GL_{m’ n}GL$ ), $(O_{\dot{m}}, O_{n}),$ $(Sp_{m}, spn)$ [S].



















Capelli . Capelli – Lie
Capelli elements , $Sp_{2mn}$
dual pair $(GL_{m’ n}GL)$ ([Cal],
[Ca2], [U1] $)$ . Capelli element Casimir Newton
96
([N], [I1], [U2]) , Theorem A Capelli Newton
. .
$Sp_{mn}$ dual pair $(o_{m}, s_{p_{n}})$ Capelli
[MN]. $Sp_{mn}$ oscillator $O_{m}\cross$
$([\mathrm{K}\mathrm{V}])$ . Sklyanin determinant [M]
, Theorem $\mathrm{B}$ , $U(\mathit{0}_{m})^{O_{m}}$ $U(\epsilon \mathfrak{p}n)^{Sp_{n}}$
Lie .
1. The pair $(GL_{m}, GL_{n})$ in $Sp_{2mn}$ . – .
Theorem A , $Sp_{2mn}$ dual pair $(GL_{m’ n}GL)$
, dual pair .
$GL_{m},$ $GL_{n}$ $m\cross n$ $\mathrm{M}\mathrm{a}\mathrm{t}_{m,n}$ $GL(\mathrm{M}\mathrm{a}\mathrm{t}_{m,n})$
, dual pair . pair symplectic
dual pair . $V=\mathrm{M}\mathrm{a}\mathrm{t}_{m,n}$ $V^{*}$
$V\oplus V^{*}$ symplectic :
$\langle u+u^{*}, v+v^{*}\rangle=u^{*}(v)-v^{*}(u)$ , $u,$ $v\in V$, $u^{*},$ $v^{*}\in V^{*}$ .
$GL(V)$ $g$ $V\oplus V^{*}$ $g\cdot(u, u^{*})=(gu,{}^{t}g^{-1}u^{*})$
, $GL(V)$ $Sp(V\oplus V^{*})$ . $(u, u^{*})\in V\oplus V^{*}$
. $GL(V)=GL(\mathrm{M}\mathrm{a}\mathrm{t}_{m,n})$ $GL_{m},$ $GL_{n}$ $Sp(V\oplus V^{*})$ dual
pair .
Theorem A Lie $\mathrm{g}\text{ _{}m},$ $\mathrm{g}[n$
. $Sp(V\oplus V^{*})$ oscillator $\omega$ $\mathrm{M}\mathrm{a}\mathrm{t}_{m,n}$
$S(\mathrm{M}\mathrm{a}\mathrm{t}_{m,n})$ . $E_{ij}$ , E $\mathrm{g}\text{ _{}m}$ , $\mathfrak{g}\mathfrak{l}_{n}$ , $x_{ij}$
$\mathrm{M}\mathrm{a}\mathrm{t}_{m,n}$ , Lie $\mathrm{g}\mathrm{t}_{m},$ $\mathrm{g}\mathrm{l}_{n}$ $PD(\mathrm{M}\mathrm{a}\mathrm{t}_{m,n})$
[H3]:
$\omega(E_{ij})=\sum_{s=1}^{n}x_{iS}\frac{\partial}{\partial x_{js}}+\frac{n}{2}\delta ij$ , $\omega(E_{ij}’)=\sum_{=s1}mX_{Si}\frac{\partial}{\partial x_{sj}}+\frac{m}{2}\delta ij$ .
. Lie $E=(E_{ij})_{1\leq i},j\leq m$
$E’=(E_{ij}’)1\leq i,j\leq n$ ’ $m\cross n$ $X=(x_{ij})$
$X^{*}=( \frac{\partial}{\partial x_{ij}})$ , :







${}^{t}X^{*}X-mI_{n}={}^{t}(^{t}XX^{*})$ , $X^{*t}X-nI_{m}={}^{t}(X^{t*}x)$ .




$\text{ }7\ovalbox{\tt\small REJECT}_{k\underline,\backslash }^{\Phi}\text{ };\text{ ^{ }}$ . Lemma 1.1 $[X_{ij}^{*}, X_{k\iota}]=\delta_{ik}\delta_{jl}$
. Lemma 12 Lie $\mathfrak{g}\mathfrak{l}_{m},$ $\mathrm{g}\mathrm{l}_{n}$




, Theorem A (1) :
(2) $\mathrm{t}\mathrm{r}(X^{t}(tXx*)^{r}\cdot {}^{t}X*)=\mathrm{t}\mathrm{r}(^{t}X^{t}(x^{t}x*)^{r}X^{*})$ .
${}^{t}Z^{r}$ $Z$ $r$ . (2)
:
Proposition 1.4. $Z\in \mathrm{M}\mathrm{a}\mathrm{t}_{m},n(PD(\mathrm{M}\mathrm{a}\mathrm{t}m,n))$ , :
$\mathrm{t}\mathrm{r}(X^{t}(^{t*}XX)r.{}^{t}Z)=\mathrm{t}\mathrm{r}(X^{t}(tXx*)r-1. t(^{t}(x^{t}X*)Z))$ .
98




$(X^{t}X^{*})_{is}$ $(^{t}(^{t}Xx^{*})^{r-}l)_{jk}$ (Lemma 12) , :
$\sum_{i,j,k_{S}},X_{S}j(^{t}(tXx*)^{r-1})jk(x^{t*}X)_{i_{S}}(^{t}Z)ki$ .
Proposition 14
$Z$ , Proposition 14 .
:
Corollary 1.5. $Z\in \mathrm{M}\mathrm{a}\mathrm{t}_{m,n}(PD(\mathrm{M}\mathrm{a}\mathrm{t}m,n))$ , :
$\mathrm{t}\mathrm{r}(X^{t}(^{t}Xx^{*})^{r}\cdot {}^{t}Z)=\mathrm{t}\mathrm{r}(X\cdot{}^{t}(^{t}(x^{i}x*)^{r}z))=\mathrm{t}\mathrm{r}(^{t}X^{t}(x^{t}x*)^{r}Z)$.
Theorem A . (2) Corollary 15 $Z$
$x*$ .
2. The pair $(O_{m}, Sp_{n})$ in $Sp_{mn}$ . Dual pair $(O_{m}, Sp_{n})$ Theorem $\mathrm{B}$
. .
Lie $O_{m},$ $Sp_{n}$ symplectic $Sp_{mn}$ , dual pair
. $Sp_{mn}$ oscillator $S(\mathrm{M}\mathrm{a}\mathrm{t}_{m,n}’)$ .
$n=2n’$ . oscillator Lie $\mathit{0}_{m},$ $\epsilon \mathfrak{p}_{n}$ .
$x_{ij}$ $\mathrm{M}\mathrm{a}\mathrm{t}_{m,n’}$ , - $\{p_{i}j,p_{ij}\}*1\leq i\leq m,$ $1\leq j\leq n$
:
$x_{ij}$ , $0\leq j\leq n’$ ,
$p_{ij}^{*}=\{$
$\partial_{i,j-n’}$ , $n’+1\leq j\leq 2n’$ ,
$\partial_{ij}$ , $0\leq j\leq n’$ ,
$-x_{i,j-n’}$ , $n’+1\leq j\leq 2n’$ .
$= \frac{o}{\partial x_{ij}}$ . Lie $0_{m},$ $\epsilon \mathfrak{p}_{n}$
$P=(p_{ij}),$ $P^{*}=(p_{ij}^{*})$ [H3]:
$\omega(F)=P^{t}P^{*}+\frac{n}{2}I_{m}$ , $\omega(F’)={}^{t}PP^{*}+\frac{m}{2}I_{n}$ .
$F,$ $F’$ Introduction $0_{m},$ $\epsilon \mathfrak{p}_{n}$





${}^{t}P^{*}P-mIn={}^{t}(^{t}PP^{*})$ , $P^{*t}P-nI_{m}={}^{t}(P^{t}P^{*})$ .





Lemma 1.3 , $P$ .
3. The pairs in the orthogonal groups. dual pair Theo-
rems $\mathrm{C},$ $\mathrm{D},$ $\mathrm{E}$ . ,
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